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Introduction

Throughout the talk, p will always denote an odd prime. Let F∞ be a Zp-
extension of F with intermediate sub�elds Fn. Set en to be the p-exponent
of the class group of Fn, i.e.,

en = logp

∣∣∣Cl(Fn)[p∞]
∣∣∣

Theorem (Iwasawa 1959)

There exist integers µ = µ(F∞/F ), λ = λ(F∞/F ) and ν(F∞/F ) (inde-
pendent of n) such that

en = µpn + λn + ν for n� 0.
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Basic philosophy

To illustrate the idea, we use the ZpJΓK-context, where Γ ∼= Zp and Γn =
Γp

n

.

Let Mn be a sequence of ZpJΓK-modules (of interest) with transition maps
Mn+1 −→ Mn, where each Mn is �nitely generated over Zp and the action
of ZpJΓK on Mn factors through Zp[Γ/Γn]. In Iwasawa theoretical context,
one is usually interested in the growth of Mn[p∞].

One then considers the inverse limit M∞ := lim←−
n

Mn, which in most appli-

cation can be shown to be a �nitely generated ZpJΓK-module and, under
certain favorable condition, even a torsion ZpJΓK-module.
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Basic philosophy

Apply (appropriate) module theory to obtain growth formula for

(M∞)Γn [p∞].

This is the �algebraic� aspect.

The next is the �arithmetic� aspect. Namely, one needs to understand the
di�erence between (M∞)Γn [p∞] and Mn[p∞].

However, there are situations, where Mn[p∞] has �nothing to do� with
(M∞)Γn [p∞].
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Algebraic results for ZpJΓK

This case is essentially well-known and goes back to Iwasawa. We will
present the most recent development in this aspect.

Theorem (Lee 2020)

Let M be a �nitely generated ZpJΓK-module. Then there exist µ, λ, ν such
that

logp
∣∣MΓn [p∞]

∣∣ = µpn + λn + ν

for n� 0.

Remark: In Jaehoon Lee's result, M needs not be torsion!
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Algebraic results for ZpJGK, G ∼= Zd
p

We now consider the case when G ∼= Zd
p . We shall write Gn = Gpn ∼=

(pnZp)d .

Theorem (Cocuo-Monsky 81)

Let M be a �nitely generated torsion ZpJGK-module, where G ∼= Zd
p

with d ≥ 2. Suppose that rankZp
(MGn

) = O(p(d−2)n). Then there exist
integers µ, l0 such that

logp
∣∣MGn

[p∞]
∣∣ = µpdn + l0np

(d−1)n + O(p(d−1)n).

Remark (Harris 79): The module M is torsion over ZpJGK if and only if
rankZp

(MGn
) = O(p(d−1)n).
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Algebraic results for ZpJGK, G ∼= Zd
p

The following can be thought as an attempt to generalize Lee's result,
although we only obtain a partial result.

Theorem (Liang-L 19)

Let M be a �nitely generated ZpJGK-module, where G ∼= Zd
p . Then there

exist an integer µ such that

logp
∣∣MGn

[p∞]
∣∣ = µpdn + O(np(d−1)n).
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Powerful pro-p groups

Let G be a pro-p group.

Let G{p} = {gp| g ∈ G}, that is, the set of all pth-powers of elements in
G .

Set Gp = 〈gp| g ∈ G 〉, that is, the group generated by the pth-powers of
elements in G .

The lower p-series of G is given by P1(G ) = G , and

Pn+1(G ) = Pn(G )p[Pn(G ),G ], for n ≥ 1.

The pro-p group G is said to be powerful if G/Gp is abelian.

Fact: If G is a powerful pro-p group, then

G{p
n} = Gpn = Pn+1(G ).

Personal opinion: Think of it as �power-full�.
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Uniform pro-p groups

For a powerful pro-p group G , the p-power map induces a surjection on

Pn(G )/Pn+1(G )
·p−→ Pn+1(G )/Pn+2(G )

is surjective for each n ≥ 1.

If the p-power maps are isomorphisms for all n ≥ 1, we say that G is
uniformly powerful (abrev. uniform). Note that in this case, we have
an equality |G : P2(G )| = |Pn(G ) : Pn+1(G )| for every n ≥ 1. In fact,
it is not di�cult to see that |G : Pn+1(G )| = pnd , where d = dimG (=
dimZ/p H1(G ,Z/p)).
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Examples of uniform pro-p groups

(1) G = Zd
p . One has Gn = pnZd

p .

(2) G = {x ∈ GLm(Zp) : x ≡ 1 mod p}.
In this case, we have Gn = {x ∈ GLm(Zp) : x ≡ 1 mod pn}

(3) A theorem of Lazard asserts that a closed subgroup G of GLm(Zp)
contains a open normal uniform pro-p subgroup of G .
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Torsion module

Let G be a uniform pro-p group. Then a theorem of Lazard tells us that
ZpJGK is Noetherian with no zero divisors. Hence the ring ZpJGK admits
a skew �eld Q(G ) which is known to be �at over ZpJGK. Thus, it makes
sense to de�ne

rankZpJGK(M) = dimQ(G)

(
Q(G )⊗ZpJGK M

)
.

The module M is said to be torsion if rankZpJGK(M) = 0. It can be shown
that M is torsion if and only if HomZpJGK(M,ZpJGK) = 0.

A torsion ZpJGK-module is then said to be pseudo-null if

Ext1ZpJGK(M,ZpJGK) = 0.
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µG -invariant
Unfortunately, for a general non-commutative uniform pro-p group, we do
not have a nice enough structure theorem. The best we have at present is
the following.

Theorem (Howson 02, Venjakob 02)

Let M be a �nitely generated ZpJGK-module, where G is a uniform pro-p
group. Then there is a ZpJGK-homomorphism

M[p∞] −→
s⊕

i=1

ZpJGK/pαi

with kernel and cokernel being pseudo-null ZpJGK-modules.

We de�ne the µG -invariant of M to be

µG (M) =
s∑
i

αi .
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Perbet's estimate

Building on the structure theorems of Howson and Venjakob, Perbet es-
tablished the following.

Theorem (Perbet 2011)

Let M be a �nitely generated ZpJGK-module, where G is a uniform pro-p
group of dimension d . Then we have

logp
∣∣MGn

/pn
∣∣ = rankZpJGK(M)npdn + µG (M)pdn + O(np(d−1)n).

Note that Perbet's result is only giving an estimate for MGn
/pn rather than

MGn
[p∞].
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An estimate for Zd−1
p o Zp

One case where one can obtain a somewhat precise estimate is the following

Theorem (Lei 17, Liang-L 19)

Let G be a pro-p group which contains a closed normal subgroup H such
that H ∼= Zd−1

p and G/H ∼= Zp. Let M be a ZpJGK-module, which is
�nitely generated over ZpJHK with MGn

being �nite for every n. Then we
have

logp
∣∣MGn

∣∣ = rankZpJHK(M)np(d−1)n + O(p(d−1)n).

Remark: The Zd−1
p estimate of Liang-Lim is used here.
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An upper bound for H o Zp

If one replace Zd−1
p with a general H, we have the following

Theorem (Lei 17, L. 19)

Let G be a pro-p group which contains a closed normal subgroup H such
that G/H ∼= Zp. Let M be a ZpJGK-module, which is �nitely generated
over ZpJHK. Then we have

logp
∣∣MGn

/pn
∣∣ ≤ rankZpJHK(M)np(d−1)n + µH(M)p(d−1)n + O(np(d−2)n).
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ASPECTS



Class groups

Theorem (Iwasawa 1959)

Let Fn denote the intermediate sub�eld of a Zp-extension F∞/F with
|Fn : F | = pn. Then there exist integers µ = µ(F∞/F ), λ = λ(F∞/F )
and ν(F∞/F ) (independent of n) such that

logp
∣∣Cl(Fn)[p∞]

∣∣ = µpn + λn + ν for n� 0.

Theorem (Cuoco-Monsky 81)

Let Fn denote the intermediate sub�eld of a Zd
p -extension F∞/F with

Gal(Fn/F ) ∼= (Z/p)d . Then there exist integers µ and l0 (independent of
n) such that

logp
∣∣Cl(Fn)[p∞]

∣∣ = µpdn + λnp(d−1)n + O(p(d−1)) for n� 0.
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A question of Venjakob

Let F∞ = Q(µp∞ , p∞
√
p), and Fn = Q(µpn , pn

√
p).

Question (Venjakob 02)

Do one have

logp
∣∣Cl(Fn)[p∞]

∣∣ = λnpn + O(pn) for n� 0

for some λ?

Remark : Venjakob has shown �µ(XF∞) = 0′′, where XF∞ is the Galois
group of the p-Hilbert class �eld of F∞ over F∞.

Remark : Venjakob's question has been resolved by Antonio Lei.
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A result of Lei

Theorem (Lei 17)

Let F∞ be a H oZp-extension of F with H ∼= Zp. Suppose that the
following statements hold.

1. F contains only one prime above p, and this prime is totally rami�ed
in F∞/F .

2. XF∞ is �nitely generated over ZpJHK.
Then one has

logp
∣∣Cl(Fn)[p∞]

∣∣ = rankZpJHK(X )npn + O(pn).

Remark : Lei's result has been extended to the case Zd−1
p oZp by Liang-L.

in 2019.
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A result of Perbet

Theorem (Perbet 11)

Let F∞ be an extension of F with G = Gal(F∞/F ) being a uniform pro-p
group of dimension n. Let Fn be the �xed �eld of Gn. Then one has

logp
∣∣Cl(Fn)[pn]

∣∣ = rankZpJHK(XF∞)npdn + µH(XF∞)pdn

+O(np(d−1)n).

Remark : Perbet's result is concerned with Cl(Fn)[pn] rather than Cl(Fn)[p∞].
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pro-p group which contains a closed normal subgroup H such that
G/H ∼= Zp. Suppose that XF∞ is �nitely generated over ZpJHK. Then
we have

logp
∣∣Cl(Fn)[pn]

∣∣ ≤ rankZpJHK(XF∞)np(d−1)n + µH(XF∞)p(d−1)n

+O(np(d−2)n).



K -groups

Let R be a ring with identity. De�ne GL(R) = lim−→
j

GLj(R), where the

transition map GLj(R) −→ GLj+1(R) is given by

A 7→
(
A 0
0 1

)
.

The classifying space BGL(R) of the group GL(R) is a connected topo-
logical space whose fundamental group is GL(R) and the higher homotopy
groups are zero. In other words,

πi (BGL(R)) =

{
GL(R) if i = 1,

0, if i 6= 1.
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Ki(R)

From BGL(R), there is a prescribed way (known as the +-construction) to
obtain another space (more precisely, a certain CW-complex) BGL(R)+.
Following Quillen, the Ki -groups are then de�ned to be

Ki (R) = πi
(
BGL(R)+

)
.

Theorem (Quillen 73, Borel 1974)

Let OF be the ring of integers of a number �eld F . For i ≥ 2, the groups
K2i−2(OF ) are �nite and

rankZ K2i−1(OF ) =

{
r1(F ) + r2(F ), if i is odd,

r2(F ), if i is even.

Here r1(F ) (resp., r2(F )) is the number of real embeddings (resp.,
number of pairs of complex embeddings) of F .
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Lichtenbaum's conjecture

Conjecture (Lichtenbaum 1972)

Let F be a number �eld and ζF the Dedekind zeta function of F . Then
for i ≥ 2, we have an equality (up to a power of 2)

ζ∗F (1− i) = ± |K2i−2(OF )|
|K2i−1(OF )tor|

RB
i (F ),

where RB
i (F ) is the Borel regulator.

If F is an abelian totally real �eld, the conjecture is known thanks to a col-
lective e�ort of Birch-Tate, Coates, Iwasawa, Quillen-Lichtenbaum, Soulé,
Bayer-Neukirch, Mazur-Wiles, Quillen, Wiles, Kolster-Nguyen Quang Do-
Fleckinger, Rost-Voevodsky and many others.



Analogue of Iwasawa asymptotic formula for K -groups

Theorem (Coates 1972, Ji-Qin 2013)

Let i ≥ 2. Suppose that the number �eld F contains a primitive pth root
of unity and F cyc is the cyclotomic Zp-extension of F . Then one has that

logp

∣∣∣K2i−2(OFn )[p∞]
∣∣∣ = µ(F cyc/F )pn + λ(F cyc/F )n + O(1),

where µ(F cyc/F ) and λ(F cyc/F ) are the quantities that appear in
Iwasawa's formula.

We like to extend the result of Coates and Ji-Qin to more general p-adic
Lie extensions which do not contain the cyclotomic Zp-extension.
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Quillen-Lichtenbaum conjecture

There is a connection between the higher K -groups with Galois/étale co-
homology via the p-adic Chern class maps of Soulé

ch
(p)
i,k : K2i−k(OF )⊗Zp −→ Hk

(
GSp (F ),Zp(i)

)
for i ≥ 2 and k = 1, 2. (The existence of such a map was previously con-
jectured by Quillen.) The famed Quillen-Lichtenbaum Conjecture predicts
that these maps are isomorphisms which we now know is a theorem by
the works of Rost-Voevodsky.

Consequently, we have

K2i−2(OF )[p∞] ∼= H2
(
GSp (F ),Zp(i)

)
.

In fact, one even has

K2i−2(OF ,S)[p∞] ∼= H2 (GS(F ),Zp(i)) ,

where S is a �nite set of primes of F containing Sp.



Iwasawa cohomology groups

Let F∞ be a uniform p-adic Lie extension of F contained in FS . One can
de�ne the Iwasawa cohomology groups

H2

Iw,S

(
F∞/F ,Zp(i)

)
:= lim←−

L

H2
(
GS(L),Zp(i)

)
,

where L runs through all �nite extension of F contained in F∞ and the
transition maps are given by the corestriction maps.

Theorem (L. ≥ 22)

For i ≥ 2, H2

Iw,S(F∞/F ,Zp(i)) is a torsion ZpJGK-module, where G =
Gal(F∞/F ).
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Descent of Iwasawa cohomology groups

Theorem (Nekovar 05, Fukaya-Kato 05, L-Shari� 13)

Let L be a �nite Galois extension of F contained in F∞ and write GL =
Gal(F∞/L). Then we have a homological spectral sequence

Hr

(
GL,H

−s
Iw,S(F∞/F ,Zp(i))

)
=⇒ H−r−sIw,S

(
L∞/F ,Zp(i)

)
.

By considering the initial (0,−2)-term, we have an isomorphism

H2

Iw,S

(
F∞/F ,Zp(i)

)
GL

∼= H2

Iw,S

(
GS(L),Zp(i)

)
.

The above is an Iwasawa-theoretical version of the Tate spectral sequence
which is proven by Nekovar (for commutative G ), Fukaya-Kato and Lim-
Shari� (for noncommutative G ).



Even K -groups

Therefore, the algebraic results apply quite seamlessly for the even K -
groups. We just require some slight further argument.

Suppose that S ⊇ Sp. The localization sequence of Soulé gives

0 −→ K2i−2(OF )[p∞] −→ K2i−2(OF ,S)[p∞] −→
⊕

v∈S−Sp

K2i−1(kv )[p∞] −→ 0,

where kv is the residue �eld of Fv .

It remains to estimate the local term K2i−1(kv )[p∞].
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Even K -groups

Theorem (Quillen 1972)

Let F be a �nite �eld. Then one has

K2i−1(F) = Z/(|F|i − 1)Z.

Now, if k∞ is a Zp-extension of a �nite �eld k, we have

ordp(|kn|i − 1) = O(n),

where kn is the intermediate sub�eld of k∞/k with |kn : k| = pn.

A combination of the above analysis will yield asymptotic formula for
K2i−2(OFn )[p∞].

One may also obtain similar asymptotic formula for K2i−2(OFn,S)[p∞].
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p-primary Selmer groups

Let A be an abelian variety de�ned over F . The classical p-primary Selmer
group is de�ned by

Sel(A/F ) := Selp∞(E/F ) := Sel(A[p∞]/Q)

= ker
(
H1(Gal(F̄/F ),A[p∞]) −→

∏
v

H1(Gal(F̄v/Fv ),A)[p∞]
)

This �ts into the following short exact sequence

0 −→ E (F )⊗Qp/Zp −→ Selp∞(A/F ) −→X(A/F )[p∞] −→ 0.

Morally, one expects corankZp
Selp∞(A/F ) = rankZ A(F ) in view of the

conjectural �niteness of X.
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X growth in Zp-extension: p-ordinary case

Theorem (Mazur 72, Greenberg 99, Lee 20)

Let F∞ be a Zp-extension of F . Suppose that A is an abelian variety
de�ned over F with good ordinary reduction at all primes above p. Assume
that X(A/Fn)[p∞] is �nite for every n. Then one has

logp

∣∣∣X(A/Fn)[p∞]
∣∣∣ = µpn + λn + O(1)

for some µ, λ.

Remark: The torsionness of Sel(A/F∞)∨ is not required in the above
theorem. In particular, the above theorem also applies in the �inde�nite�
anticyclotomic Zp-extension context.



Mazur Control Theorem

Theorem (Mazur 72)

Let F∞ be a Zp-extension of F . Suppose that A is an abelian variety
de�ned over F with good ordinary reduction at all primes above p. Then
the restriction maps

Sel(A/Fn) −→ Sel(A/F∞)Γn

are �nite with bounded kernel and cokernel.

Remark: However, we do not have a control theorem for X(A/Fn)!
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Idea of proof: p-ordinary case

Write X (A/Fn) = Sel(A/Fn)∨ for 0 ≤ n ≤ ∞.

Module theoretical result (�algebraic aspect�) tells us that

logp
∣∣X (A/F∞)Γn [p∞]

∣∣ = µpn + λn + O(1).

Mazur Control Theorem then in turn tells us that

logp
∣∣X (A/Fn)[p∞]

∣∣ = µpn + λn + O(1).

The latter then yields the conclusion for X in view of the following short
exact sequence

0 −→X(A/Fn)∨ −→ X (A/Fn) −→
(
A(Fn)⊗Qp/Zp)∨ −→ 0.
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Sha in p-adic Lie extension

At present, we do not have asymptotic formula for X in p-adic Lie exten-
sion.

But we should note that Delbourgo-Lei have obtained asymptotic upper
bound for certain class of p-adic Lie extensions under a so-called MH(G )-
conjecture.

Even for Zd
p -extension, this is an issue because Cocuo-Monsky's result

requires rankZp
MGn

= O(p(d−2)n).



Fine Selmer groups

The �ne Selmer group is de�ned by

R(A/F ) := Rp∞(A/F )

= ker
(
H1(Gal(F̄/F ),A[p∞]) −→

∏
v

H1(Gal(F̄v/Fv ),A[p∞])
)

The �ne Mordell-Weil groupM(A/L) is de�ned by

M(A/F ) = ker

A(F )⊗Qp/Zp −→
⊕
v |p

A(Fv )⊗Qp/Zp





Fine Tate-Sha groups

These �t into the following commutative diagram

0 //M(A/F )

��

// A(F )⊗Zp
Qp/Zp

��

//
⊕
v |p

A(Fv )⊗Zp
Qp/Zp

0 // R(A/F ) // Sel(A/F ) //
⊕
v |p

A(Fv )⊗Zp
Qp/Zp

The �ne Tate-Shafarevich groupÆ(A/F ) is then de�ned to be

Æ(A/F ) = coker

(
M(A/F ) −→ R(A/F )

)
.

Applying the snake lemma, we obtain a short exact sequence

0 −→M(A/F ) −→ R(A/F ) −→Æ(A/F ) −→ 0

withÆ(A/F ) injecting into X(A/F )[p∞].
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Control Theorem for �ne Selmer groups

Theorem (L. 20)

Let F∞ be a Zp-extension of F . Suppose that A is an abelian variety
de�ned over F . Then the restriction maps

R(A/Fn) −→ R(A/F∞)Γn

are �nite with bounded kernel and cokernel.

Remark: The above control theorem does not require any reduction type
assumption of A.
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Some side remarks

Corollary (L. 20)

Let F∞ be a Zp-extension of F . Suppose that A is an abelian variety
de�ned over F . Assume thatÆ(A/Fn) is �nite for all n. ThenÆ(A/F∞)∨

is a torsion ZpJΓK-module.

Remark: (1) We have no control theorem forÆ.

(2) The analogue statement for X is of course false in general! For
instance, X(E/Qcyc)[p∞]∨ is not torsion if E has good supersingular
reduction.
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Towards an asymptotic formula for �ne Tate-Sha

Write Y (A/Fn) = R(A/Fn)∨ for 0 ≤ n ≤ ∞.

Module theoretical result (�algebraic aspect�) tells us that

logp
∣∣Y (A/F∞)Γn [p∞]

∣∣ = µpn + λn + O(1).

Control Theorem of �ne Selmer groups then in turn tells us that

logp
∣∣Y (A/Fn)[p∞]

∣∣ = µpn + λn + O(1).

But in the following short exact sequence

0 −→Æ(A/Fn)∨ −→ Y (A/Fn) −→
(
M(A/Fn)

)∨ −→ 0,

the �ne Mordell-Weil group
(
M(A/Fn)

)∨
may have p-torsion. (Wuthrich

has given examples of these.)
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Growth for �ne Tate-Sha

Theorem (L. 20)

Let F∞ be a Zp-extension of F . Suppose that A is an abelian variety
de�ned over F . Assume that either of the following statement holds.

(a) A(F∞) is a �nitely generated abelian group andÆ(A/Fn) is �nite
for all n.

(b) A has potentially good ordinary reduction at all primes above p and
X(A/Fn)[p∞] is �nite for all n.

Then we have

logp
∣∣Æ(A/Fn)

∣∣ = µpn + λn + O(1).

Remark: Under assumption (b), we show that the �ne Mordell-Weil group
M(A/Fn) has control theorem.



Fine Selmer groups over p-adic Lie extensions

It is natural to ask if one can study growth formula forÆ(A/Fn) in p-adic
Lie extension.

In a recent work of Debanjana Kundu and myself, we prove control the-
orems for �ne Selmer groups over certain classes of p-adic Lie extension.
Our results can be thought as �e�ective� version of Greenberg.

We are not able to obtain results forÆ. The reason is because the �nice�
structure of ZpJΓK is crucially used in the derivation of the Æ in the
previous slide.
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Growth for Tate-Sha: p-supersingular case

Theorem (Kurihara 02, Kobayashi 03)

Let E be an elliptic curve over Q with good supersingular reduction at
p ≥ 5. Assume that X(E/Qn)[p∞] is �nite for all n, where Qn is the
intermediate subextension of Qcyc/Q with |Qn : Q| = pn. Then one has

logp
∣∣X(E/Qn)[p∞]

∣∣ =

b n−2
2
c∑

k=0

pn−1−2k −
⌊n
2

⌋
+
⌊n
2

⌋
λ+
E +

⌊
n + 1

2

⌋
λ−E

−nr∞ +

b n
2
c∑

k=1

φ(p2k)µ+
E +

b n+1
2
c∑

k=1

φ(p2k−1)µ−E + νE ,

where φ is the Euler totient function and r∞ is given by the quantity

lim
m→∞

rankE (Qm).
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lim
m→∞

rankE (Qm).



Growth for Tate-Sha: p-supersingular case

Remark: The invariants µ±E and λ±E come from the signed Selmer groups
Sel±(E/Qcyc). Conjecturally, one expects µ±E = 0.

An important algebraic tool is the notion of Kobayashi rank.

Iovita-Pollack (06) have extended Kobayashi's result to a general rami�ed
Zp-extension F∞ with rankZ

(
E (Fn)

)
bounded.

However, their approach does not apply to the �inde�nite� anticyclotomic
setting.



Growth for Tate-Sha: inde�nite anti-cyclotomic context

Theorem (Lei-L-Müller, preprint 2022)

Let E be an elliptic curve over Q with good supersingular reduction at
p ≥ 5. Let K be an imaginary quadratic �eld at which p split completely
in K/Q. Suppose the conductor of E is given by MD, where D is a square-
free product of an even number of primes. Assume that all primes dividing
pM split in K , whereas those dividing D are inert in K . Assume that
X(E/Kn)[p∞] is �nite for all n, where Kn is the intermediate subextension
of K anti−cyc/K with |Kn : K | = pn. Then one has

logp
∣∣X(E/Kn)[p∞]

∣∣ =
∑

k≤m,k even

µ+
E ,Kφ(pk) +

∑
k≤m,k odd

µ−E ,Kφ(pk)

+
⌊m
2

⌋
λ+
E ,K +

⌊
m + 1

2

⌋
λ−E ,K + νE ,K



Final remark on the invariants

The invariants appearing have the following form

µ±E ,K = µBDP − 2µ±, λ±E ,K = λBDP − λ′ − 2λ±.

Here µBDP and λBDP are the Iwasawa invariants of SelBDP(E/K∞).

(Remark: One expects µBDP = 0 in view of analytical results of Hsieh 14
and Burungale 17.)

λ′ = limn→∞ rankZp
SelBDP(E/Kn)∨.

µ± and λ± comes from �plus� and �minus� parts of kerψn, where

ψn : E (Kn)⊗Qp/Zp −→ E (Kn,v )⊗Qp/Zp.

Here v is a prime of K above p.



THE END

THANK YOU!


